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Linear inverse problem DELLINSUBRIA

Consider a linear inverse problem of the form
b5:Au+775:b+775, (1)
where

- b € R* is the observed data corrupted by noise 7; € R*
- A € R**?is a linear operator
- u € R% is the unknown signal we want to recover
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Optimization problem LLINSUBRIA

A common variational approach to solve eq. (1) is to consider the following optimization

problem
1
argmin —||Au — b°||* + h(Wu)
u€R? 2
()
= argmin f(u) 4+ h(Wu),

u€eRd

where

« ||| denotes the Euclidean norm

* f(u) is the data fidelity term

« h(Wu) is the regularization term

- W e R¥*d s a linear operator

« h:R¥ - RU{oo} is a convex and possibly non-smooth function.
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Proximal gradient

Proximal gradient methods are first-order methods that alternate a gradient step on f
and a proximal evaluation on ho W:
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Proximal gradient DELL’INSUBRIA

Proximal gradient methods are first-order methods that alternate a gradient step on f
and a proximal evaluation on ho W:
{un_,_% =u— o, Vf(u) <+ gradient descent 3)
Unt1 = ProXy pow(Upy 1) < proximal evaluation
where

* a, > 0is the step size,

» prox,(v) = argmin, 3|u— v||* + g(u) is the proximal operator of g.
A Nesterov-like extrapolation, like in FISTA, can be added to eq. (3) to accelerate
convergence.

Equation (3) assumes that the proximal operator of o W can be computed in closed
form. This is not the case for some common regularization terms, such as the
Total Variation (TV).
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Nested Primal-Dual (NPD)

The Nested Primal-Dual (NPD)'” algorithm is an inexact proximal gradient method summarized as

Un = Un + Yn(un — un—1) < Nesterov extrap.
Uppl = Un — an V() + gradient descent

Upt1 ~ proxanhow(uwr%) + inexact proximal step

where v,, > 0 is the extrapolation parameter like in FISTA.

TChen and Loris 2019, “On starting and stopping criteria for nested primal-dual iterations”.
2Bonettini et al. 2023, “A nested primal-dual FISTA-like scheme for composite convex optimization problems”.
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ELL’INSUBRIA

The Nested Primal-Dual (NPD)'” algorithm is an inexact proximal gradient method summarized as

Un = Un + Yn(un — un—1) < Nesterov extrap.
Uppl = Un — an V() + gradient descent
Unt1 R ProX, ,ow (4, 1) < inexact proximal step
n 2
where v,, > 0 is the extrapolation parameter like in FISTA.

The inexact proximal step is computed by k.. € N steps of a dual sequence v*:
Letu e RY% o° € RY, a > 0,0 < 8 < 2/||W|]?, and define the sequence

M= ProXg,—1j, (0 + Ba” W (u— aW o),
having limit lim,_, .. v = . Then we have

Prox o w(u) = u—a W',

TChen and Loris 2019, “On starting and stopping criteria for nested primal-dual iterations”.
2Bonettini et al. 2023, “A nested primal-dual FISTA-like scheme for composite convex optimization problems”.
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Preconditioned NPD

Applying left preconditioning to the least squares regularized problem, the norm of the
data fidelity term changes. Given S positive definite, we have

1
argmin ~ || Au — b°||%-1 + h(Wu), (4)
u€R? 2

where
fo(w) = |Au— 0|30 = |72 (Au— %)%
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Preconditioned NPD UNIVERSITA DEGLI STODI

Applying left preconditioning to the least squares regularized problem, the norm of the
data fidelity term changes. Given S positive definite, we have

argmin f||Au — 00|31 + h(Wa), (4)
u€R?

where
fs(u) = [ Au— |50 = |57 (Au— 1)
Assuming that there exist a positive definite matrix  such that
CIAT — gTg 1 (5)
then NPD applied to eq. (&) gives the Preconditioned NPD (PNPD) algorithm:

Uy, = un""’yn(un — Up— 1)

+1—un—a P lVf( )

U
Up+1 ~ PTOXanhoW( %)
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Preconditioner choice

To satisfy the condition in eq. (5), we can choose S and P as follows:
P=ATA+vI, S =AAT 4 vl

with v > 0. With this choice, the gradient step is equivalent to the Levenberg-Marquardt

method applied to linear inverse problems, or equivalently, to the Iterated Tikhonov
method?.

3Hanke and Groetsch 1998, “Nonstationary Iterated Tikhonov Regularization”.
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DELL’ INSUBRIA

To satisfy the condition in eq. (5), we can choose S and P as follows:
P=ATA+vI, S =AAT 4 vl

with v > 0. With this choice, the gradient step is equivalent to the Levenberg-Marquardt
method applied to linear inverse problems, or equivalently, to the Iterated Tikhonov
method?.

In general, the identity in eq. (5) is satisfied whenever P is a polynomial of AT A and S is
a corresponding polynomial of AAT.

3Hanke and Groetsch 1998, “Nonstationary Iterated Tikhonov Regularization”.
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Unrolling architecture




Unrolling (single step) DNIVERSTLA DEGLI STUDI

Input Images Output Image
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Figure 1: Single iteration of the unrolling architecture M; composed by the predictors for each
parameter N,,, Nx,;, Na,, N3, and by one step of the PNPD algorithm. 8/19



Unrolling (full network) DNIVERSTLA DEGLI STUDI
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Figure 2: Global unrolling architecture obtained by composing the base network M; N times.
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Training




The training loss is defined as a weighted average of a base loss function ¢ computed on
each intermediate iterate
N—-1
0w Lug,u
L(ug, ..., un_1,u) = Lizo N—l( )

Dico Wi
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Traini ng loss DELL’INSUBRIA

The training loss is defined as a weighted average of a base loss function ¢ computed on
each intermediate iterate

N—-1

0w Lug,u

L(ug, ..., un_1,u) = 2izo N—l( )
dlim0 Wi

For the numerical experiments, we use the negative Structural Similarity Index (SSIM) as
the base loss function

0(uz, u) = — SSIM (uy, u),

and we choose the weights w; as
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Training ELL’INSUBRIA
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Figure 3: Evolution of the loss function as a function of epochs (left) and of time (right).
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Numerical results
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Image deblurring LLINSUBRIA

For the numerical experiments, we consider the image deblurring problem with Total
Variation regularization, which can be formulated as

1
argmin —||Au — b°||> + AXTV(u) ,
u€Rd \2 , N——

data fidelity regularization

which is a specific instance of the model in eq. (2) where
* flu) = llAu— 8%,
« W(Wu) = ATV(u),
« A € R¥? s the blurring operator,

« A > 0is a regularization parameter
- b € R%is the observed image (blurred image with noise).
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Total Variation LLTNSUBRIA

The TV is the Total Variation operator defined as
d
TV(z) = Y |IViull,
i=1

where W € R24%4 js the discretization of the gradient operator, and A : R?¢ — R is the
sum of the pixel-wise euclidean norms.
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Numerical results
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Parameters evolution
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Parameters evolution
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« Use different designs for the predictor network A/.
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Future work DELLINSUBRIA
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Thank you for your attention!
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